Classical Mechanics - PHYS 310 - Fall 2013 Lec 11: Supplementary Notes
Department of Physics, Southern Illinois University Instructor: Thushari Jayasekera (thushari @siu.edu)

EXAMPLE: ELECTRICAL ANALOG TO THE MECHANICAL VIBRATIONS

In the class, we discussed, how different electrical components such as inductors, capacitors and resistors
as well as external voltage sources are analog to the components of the mechanical vibrations such as:
restoring forces, masses, and resistive forces and driving forces.

Using this similarity, we have evaluated the oscillations in LCR circuits. Let’s do one more example.

Example A mass m; driven by a sinusoidal force whose frequency is w. The mass m1 is attached to a
rigid support by a spring of force constant k and slides on a second mass ms. The frictional force between
my and me is represented by the damping parameter b;. and the frictional force between mo and the support
is represented by b,. Construct the electrical analog of this system.

FIGURE 3-B Problem 3-26.

We first need to write down the equation of motion. Let’s take the coordinate of the mass m; as x;, and
for mass mo as xs.

The forces experience by the mass my:

e restoring force from the spring —kx;
e The damping force from the m; m2 interface: —by (&1 — &2)
e and the driving force F'Coswt

The forces experience by the mass ms:

o the damping from the m1 and ms interface
o the damping force from the horizontal surface

So from our previous knowledge, we can write the equations of motion as:

mydy = —kxq — by (&1 — &) + FCoswt (1)

Moy = —bodo — by (&2 — &1) 2

Let’s put all the electrical analog as,

ma —)Ll;
mo —)LQ;
1

k—>6

by — Ry
ba — Rs
T — q1
T2 — (g2



Let’s simply convert the above two equations of motion with these electrical analogs.

.. 1 . .
Lig = e R (41 — ¢2) + eoCoswt

Lo = —Rodo — Ri(d2 — ¢1)

Let’s re-write this equations:

drl 1
le—tl + 50+ Ru(ly — Ir) = eoCoswt
dl-
deff + Rolo+ Ri(Ia— 1) =0

We can out these circuit elements together to form the following circuit.
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In the previous lecture, we have discussed the harmonic oscillator in the presence of a sinusoidal driving

force. The equation we have solved is :

& d
el + 25@ +wg | z(t) = ACoswt

This is a linear differential equation. In fact,w e can write it as,
Lx(t) = F(t)
where L is a linear operator. What that means is If we have two equations like:
Ll'l(t) = F1 (t)
and

Lxg (t) = F2 (t)

‘We can write this as:
Liz:(t) +22(t)] = F1(t) + F2(?)

In fact, we can generalize this equation as:

L [(11.231(75) + 042332@)] = Olel (t) + OéQFg(t)
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We can write the force function as a linear superposition of a series of functions as: Fi,; = Zn an (),

where each of these F), components satisfy the differential equations as:

Lapz,(t) = a, Fu(t)

13)

That is, when the force is a linear superposition of a force components, then the solution to the total

differential equation can be written as a linear superposition of x,, (¢).



x(t) = Zanxn(t) (14)

That means, when we can write the total force on the SHO problem,we can solve for x(¢) for each force
component and the combine them to find the x(¢) as shown above.

If we have a periodic force function: such that F'(t) = F(¢t + T'), we can write the force function in
terms of a Fourier series. For instance we can write the force as:

F(t) = Z anCos(wpt — ¢p) (15)

We can solve for the steady state for each individual force component and then write the complete steady
state solution as:

an/m

O T

Cos(wnt — ¢, — p) (16)

where 4, is the phase difference between n'” force component and its response:

[ 2wB
8, = Tan~" <2“’) (17
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Now, given a complicated force function, if you can divide it to components, by the method of linear super-
position, we can solve for the resultant motion.

NON-SINUSODIAL PERIODIC FUNCTIONS

We consider the case of a force which varies as any arbitrary periodic function. According to Fourier
theorem, any periodic function can be represented in terms of a series of sinusoidal functions.

Which means:

1 = .
F(t) = a0 + ;(anCos nwt + by, Sinnwt) (18)
where,

2 o / / !

a, = - F(t")Cosnwt'dt (19)
T
2 Ooo

b, = 7/ F(t")Sin nwt'dt’
T Jo

Once we know the coefficients a,, and b,,, we know the Fourier expansion of the force, then we can use
the linear superposition to solve the problem,

Sawtooth Driving Force on the Damped Harmonic Oscillator

A sawtooth driving force function is applied on the SHO with a damping force, Explain how you would
solve the equation of motion for this problem.

F'(t) can be explained as:

F(t) = A% i<t <72 (20)

Saw tooth function is a odd function. Now that Cosine function is an even function, all the a,, coefficients
go to zero. Sin function is an odd functions, so that b,, coefficients are non-zero.



Let’s work on and find out the b,, coefficients.

2 T/2
b, = f/ F(t')Sin nwt'dt’
T —7/2
) /2 t
= 7/ A=Sin nwt'dt’
T —7/2
2A 7/2
= — t'Sin nwt'dt’
T —7/2
2y
In order to solve the last equation, we can use the integration by parts [ udv = uv — [ vdu
Let’s re-write the eq.(21) as:
24,1, [T/
b, = —2(—)/ t'dCos nwt' (22)
2w’ ) /o
Using the integration by parts:
2A -1 -
bn = — (—) [ ’C’osn(,ut’\_/f/2 - /C’os nwt'dt’} (23)
T2 "nw
24 -1 /2 Sin nwt’ 7 /2
b, = ?(%) [t/Cosnwt’T/z — TLTH 24)
Now we have both 7 and w in these equations. Let’s substitute 7 = 27 /w
24Aw? —1 Sin nwt’
by, = —) [t'C A i L 25
(2m)? (nw) [ osne |_”/“’ nw |_”/“’ (25)
The second term in the parenthesis goes to zee because Sin nm = 0, which gives:
24w? —1. 7, /i fw
b, = on)? (%) [t Cosnwt |_ﬂ/w} (26)
24w? —1 [27
b, = —) |—C 27
(277)2(71(,0) [w o8 nw} @7
By simplifying, we get,
A
by, = — (—1)("*! (28)
nm
Now we can write the Saw tooth force function as:
Al . 1. 1.
F(t) = — |Sin wt — iSm 2wt + gSm?)wt — ... (29)
0

If the damped HarmoniNow we have to solve a series of Newton’s equations of motion which looks like:

A
Gp 4 2Bdy + Wiz, = E(—l)(”“Sin nwt (30)

Each one of these equation is no different from the forced Harmonic Oscillator problem we did in class,
which takes the form & + 252 + w% x = FyCoswt, for which we know the solution. Which means, we can
easily solve for each z,, and then, the total solution can be obtained as z(t) = >, x,(t)

In the website, there is a cdc player, where you can observe the Fourier expansion of Sawtooth function
with different components,. Play with it and get an idea. Following shows few snapshots from it.



Fourier Expansion of Saw—Tooth Function
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Figure 1: The Fourier Expansion of Sawtooth function. The figure shows one, Two, Flve and 150 Fourier
Components in the Expansion, We see the overshooting at the edge, in all orders of expansions, which is
known as the Gibbs phenomenon



