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We measured the optical properties of epitaxial CoFe,0, thin films and compared our findings with
complementary electronic structure calculations and similar studies on the Ni analog. Our work
reveals CoFe,0,4 to be an indirect band gap material (1.2eV, X — I in the spin-down channel)
with a direct gap at 2.7eV. The latter is robust up to 800 K. Compared to NiFe,O,, the indirect
gap is ~0.5eV lower, a difference we discuss in terms of size and covalency effects in spinel
ferrites. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4818315]

Multifunctional, high Curie temperature (7c) magnetic
insulators are attracting attention due to their suitability for
application. They naturally provide a non-zero magnetic
moment along with spin-dependent band gaps that can be
utilized in spintronics' as well as in spin-caloritronics.’
Examples include spin-filters™* and spin-transfer torque
devices. Among the various candidate materials, the most
noteworthy are strongly correlated spinel oxides (general for-
mula AB,O,),” particularly the spinel ferrites (general for-
mula AFe,O,). While high quality single crystals are
challenging to grow, thin film spinel ferrites have allowed
researchers to investigate structural,® electronic,7_10 and
transport' ™' properties. Recent spectroscopic work on
nickel ferrite (NiFe,O,) also revealed a hierarchy of band
gaps,'®!” and a favorable overlap with the solar spectrum.
CoFe,0y, is another high T~ material that presents an oppor-
tunity to quantify charge gaps and electronic structure trends
within the spinel ferrite family. Prior theoretical work
focused primarily on magneto-elastic properties and cation-
ordering’”'® due to challenges both in accounting for
electron correlation effects and the absence of reliable exper-
imental gap values.

In this work, we bring together high quality film growth,
optical properties work, and first principles calculations to
investigate the electronic structure of CoFe,O,4. This system
displays an indirect gap at 1.2eV and a direct gap at 2.7eV.
In addition to resolving the long-standing band gap contro-
versy in CoFe,O, (with values between 0.11 and 2.6eV
quoted in the literature)'*' and showing the robustness of
the 2.7 eV gap on approach to T, we reveal how the charge
gaps, electronic structure, and band dispersions change with
chemical substitution. For instance, we find that the minority
channel X — I' indirect gap is almost 0.5 eV lower than that
in the Ni analogue. The improved overlap with the solar spec-
trum, which offers electronic and light harvesting functions,
combined with the modest temperature dependence of the
2.7eV features, establishes CoFe,O, as a robust magnetic
semiconductor and a promising material for applications.

High quality epitaxial CoFe,O, films were grown
between 350 and 690 °C on (001)-orientated MgAl,O,4 sub-
strates using pulsed laser deposition.?? Optical measurements
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were carried out using a Perkin-Elmer 4-900 spectrometer
(0.41-6.53eV) in both transmittance and reflectance mode,
and the absorption (x(E)) was determined via combined
Glover-Tinkham and Kramers-Kronig techniques.”>** The
band gaps were extracted using methods established for tradi-
tional semiconductors as discussed in the text.>> An open-
flow cryostat was employed during variable temperature
work. Electronic band structure calculations were performed
with the Vienna ab initio simulation package (vasp)**2’ on a
relaxed 14-atom primitive CoFe,O, cell using LDA+4U and
GGA+U techniques (Up=U —J=4.5¢V for Fe and 4.0eV
for Co)*® and projector augmented-wave pseudopoten-
tials.’*?7%° Additional 28-atom supercell calculations were
performed to understand the effect of partial inversion on the
electronic properties. We employed a plane wave cutoff of
500eV and a I'-centered 7 x 7 x 7 k mesh for the 14-atom
density of states (DOS) and relaxation calculations.

Figure 1 displays the 300 K absorption spectrum of the
CoFe,0, film grown at 690 °C (red) along with similar data
on the Ni-analog (blue, from Ref. 16) for comparison. While
there are many similarities in the response, there are impor-
tant differences as well. One such difference is the absorp-
tion onset. a(E) for CoFe,0,4 begins to rise much sooner than
that of NiFe,Oy,, a response that can be anticipated by exam-
ining the relative appearance of the two films (insets of
Fig. 1). CoFe,0, is overall darker when photographed in
both transmittance and reflectance. For traditional semicon-
ductors like silicon,? it is well established that plots of (oE)?
and («E)* vs energy reveal direct and indirect band gaps as

B _
U(E) = =(E — Egain)"” + E (E = EginaTEm)*.

oy >

Despite their more complicated band structures, this approach
is commonly extended to allow analysis of oxides.’*?' In
CoFe,0y, linear fits were obtained for both cases.

As shown in Fig. 1(b), a plot of («E)** vs. energy
reveals an indirect band gap in CoFe,0O4 at 1.17 = 0.08 eV.
This gap value is significantly smaller than that of NiFe,O,
(1.64¢V),'® as anticipated from the absorption spectrum and
examination of the films themselves. We extract a coupling

© 2013 AIP Publishing LLC
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FIG. 1. 300K absorption spectrum of CoFe,O,4 and NiFe,0,4 grown at 690 °C. Insets: photos comparing transmittance and reflectance of CoFe,0,4 and NiFe,O, in
a microscope with standard lamp. (b) Optical band gap analysis for the CoFe,O, film. (c) Dependence of the direct band gap on measurement temperature upon

approach to T at 795 K.

phonon energy25 of 50-75 meV that corresponds to a O-Fe-O
bending mode, similar to NiFe,0,4.'® The direct gap analysis
(Fig. 1(b)) makes use of an (ocE)2 vs. energy plot. It reveals a
direct charge gap at 2.74 = 0.10eV. Comparing the indirect
and direct gap values clearly reveals that CoFe,O, displays a
fundamental indirect energy gap, similar to the situation in
NiFe,O,. Prior optical work?*?! did not uncover the indirect
gap excitation, so our findings are in sharp contrast with the
reports that CoFe,0y, is a direct gap material. Notable also is
the large difference between the indirect and direct gap in
CoFe,0, (see Table I).

We can assign the excitations in Fig. 1(a) using the results
from our first principles electronic structure calculations
(Fig. 2). The strongly hybridized Co + O valence edge permits
both Op — transition metal d charge transfer and intersite
metal d—metal d  charge-transfer-like  transitions.
Interestingly, the localized Co states near the valence band
edge can make intersite d — d excitations comparable in
strength to those of p — d origin. Clearly, transitions in the mi-
nority channel (Co 4 O — Fe(0,)) define the absorption edge
and the fundamental indirect gap, similar to the situation in
NiFe,O,. The strong band above 3 eV is due to a combination
of majority and minority channel excitations. In the majority
channel, Co d—Fe(T;) d and O p— Fe(T;) d dominate,
whereas in the minority channel, Op — Fe(O,,) + Co d and Co
d— Fe(0,) + Co d excitations are allowed in addition to the
fundamental transitions. This band edge determines the char-
acter of the direct gap. The latter can be in either spin channel.
The most likely candidates are listed in Table 1.

Interestingly, the optical absorption spectra of films
grown at 520 and 365°C are virtually identical to that of
films grown at 690 °C (Fig. 1). This is different from what is
found in NiFe,O, thin films.'® While surprising on first
inspection, this finding can be understood by recalling the
dissimilar evolution of the unit cell structure with growth
temperature in the two materials.? X-ray diffraction meas-
urements show that NiFe,O, films become progressively
strained due to an increase in the out-of-plane lattice parame-
ter at lower growth temperatures. By contrast, CoFe,O, films
grow almost strain-free between 300 and 700 °C.** We con-
clude that the optical properties of spinel ferrites are more
sensitive to unit cell parameter changes than film epitaxy.
The insensitivity of the band gap to growth temperature sup-
ports this supposition.

We also carried out variable temperature optical meas-
urements between 4 and 800 K. The latter is very close to
Tc. The temperature dependence of the direct gap in
CoFe,0,4 is shown in Fig. 1(c). It displays a systematic
quasi-linear decrease from 2.80eV at 42K to 2.67¢eV at
800 K. Overall, the direct gap softens by only 0.13eV over
the temperature range investigated and remains robust on
approach to Tc=795K. This insensitivity to temperature
and robustness on approach to T implies relatively weak
charge-spin coupling in CoFe,O,4 compared to other multi-
functional oxides like BiFeO5.>*™>> The modest temperature
dependence can probably be understood in terms of thermal
broadening effects, which creates virtual states between the
valence band maximum and conduction band minimum,

TABLE I. Experimental and theoretical optical band gap values of CoFe,Oy (in eV).

Experimental gaps Band gap LSDA+U GGA+U
Indirect 1.2 Egpmin(X—1T) 0.9 1.5
(from (2E)*> vs E plot)
Direct 2.7 Egomin(X — X) 1.0 1.6
(from (2E)* vs E plot)
Egomin(I' — T) 1.4 2.0
Egumin(W — W) 1.9 23

Eguma(T — T) 1.9 2.1
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FIG. 2. (a) Density of states of CoFe,O, calculated using the LSDA+U method. Energy bands along I'— X —W for (b) minority and (c) majority channels. The mi-
nority channel exhibits an indirect gap between X and I". In both channels, the lowest conduction band is nearly flat over a wide region, a character that probably leads

to many nearly-degenerate transitions.

reducing the average gap value. That the semiconducting
character of this spinel ferrite remains robust up to very high
temperature certainly broadens the utility of this material.

Figure 2(a) displays the density of states as obtained
with LSDA+U. Comparison with GGA+U is reported in
Table I. Due to the agreement between these methods
(mainly a rigid shift that changes the gap values), we shall
only discuss LSDA+U results here. Our calculations cor-
rectly capture the semiconducting nature of CoFe,O,4. The
majority and minority channels are spin-split both in the va-
lence and conduction bands, and the gap is found to be much
larger in the majority channel (1.8eV) than in the minority
channel (0.9eV). We also verified that the octahedral sites
strongly prefer antiferromagetic alignment with the tetrahe-
dral sites, consistent with the super-exchange picture and
irrespective of the inversion factor. In the fully inverted
structure, the Fe>™ moments are completely compensated,
and the net moment arises only from Co*" (3up/t.u.), con-
sistent with previous reports.” Both Co®" and Fe*" are in the
high-spin configuration. The density of states is qualitatively
similar to that of the Ni-analogue'® except for the difference
in band gap values (Fig. 2(a)). Like NiFe,O,, we see narrow
conduction band states belonging to minority octahedral Fe
and Co d states and majority tetrahedral Fe d states. The va-
lence band can be separated into strongly localized Fe states
7-8eV below the Fermi level (not shown in figure) and a
broad hybridized band of Co and O states near Ex. The most
perceptible difference between CoFe,O4 and NiFe,O, is
stronger presence of localized Co states at the valence band
edge, whereas in NiFe,O,, the Ni states are more hybridized.
The projected density of states is provided in Fig. $1.%°

To analyze the nature of the gap, we plot the LSDA+U
bands along the lines [ =X—W for the minority and majority
channels (Figs. 2(b) and 2(c)). The majority channel conduc-
tion band is practically dispersionless, whereas the valence
band maximum is clearly at the I' point. This difference
yields a direct gap at 1.9eV. There are additional indirect
gaps very close to this energy, notably from I" to between X

and W point (1.8eV). We find more dispersive valence
bands in the minority channel of CoFe,O4 compared to
NiFe,O,4, with a clear indirect gap candidate between X
(k =22[100]) and T, the difference in energy being 0.9¢V.
This result agrees quite well with recent literature reports.'”
There are also direct gaps very close to this indirect gap.
Notable ones are at X (1.0eV), I' (1.4eV), and W (1.9¢eV)
(Table I). Overall there is reasonable agreement with the ex-
perimental result that the fundamental gap is indirect, which
theory assigns to the minority channel.?”

Motivated by experimental reports of 70%-80% partial
inversion in CoFe,O, powder samples and nanopar-
ticles,>38% we performed additional relaxation and den-
sity-of-states calculations on a 75% inverted structure by
swapping an octahedral Co with a tetrahedral Fe site while
preserving the antiferromagnetic tetrahedral-octahedral spin
alignment. Our main findings are as follows. First, energeti-
cally we find that this partially inverted configuration has
higher energy compared to the fully inverted case
(~70meV/f.u.) implying that these are metastable states.
Second, the magnetic moment is higher (4.0 uB/f.u.) as the
extra moment from the uncompensated Fe lattice outweighs
the loss in moment at the Co site. Enhanced magnetization
values, sometimes observed in thin ﬁlms,m’22 can thus be
rationalized by invoking the presence of these metastable,
partially inverted configurations. Electronically, we find
that partial inversion introduces tetrahedral Co states at the
majority channel valence band-edge which reduces the gap
to 1.3eV. The minority valence band-edge, however,
remains largely unchanged, i.e., octahedral Co states
occupy the band-edge, just like the fully inverted configura-
tion, and the tetrahedral Co states are deeper. The conduc-
tion band-edge character in both channels is also similar to
the fully inverted case, i.e., tetrahedral and octahedral Fe
states define the majority and minority band-edges, respec-
tively. As a result, the minority channel gap is largely unaf-
fected and widens slightly to 1.0eV. Taken together, our
calculations show that partial inversion has a limited effect
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on the fundamental minority channel gap and mainly
changes the band-edge character of the majority channel
via appearance of tetrahedral Co states. The band edges in
the two different configurations are shown in Fig. §2.3¢

The difference in the optical and electronic properties
between CoFe,O, and NiFe,0, is quite analogous to the
trend observed between CoO and NiO. It is well known that
NiO has a larger band gap than CoO (4.0 vs 2.4eV),*
increased hybridization,*' and a higher magnetic ordering
temperature (530 vs 291 K). A similar mechanism is likely at
work in the spinel ferrites since the occupied Fe states are
deeper and well localized in both systems and do not affect
the interaction between Ni(Co) and oxygen. The smaller
NiFe,O,4 unit cell compared to that of CoFe,O4 (8.34 vs
8.39 A) results in a shorter Ni-O bond length which promotes
covalency and, in turn, greater hybridization and super-
exchange interaction, which manifest in a higher Curie tem-
perature. The band gap trend can probably be traced to the
fact that the Ni** (3d8) ion is smaller than the Co*" ion
(3d")** which creates deeper Ni*" states due to stronger elec-
trostatic interaction. Therefore the energy gap between occu-
pied and unoccupied levels widens going from CoFe,O, to
NiFe,0,, other factors being equal.

Finally, our work reveals that the band gap hierarchy of
CoFe,0y, is quite similar to that of Si—the most investigated
indirect band gap material.** It also has a strong overlap with
the solar spectrum. CoFe,O,4 and other spinel oxides have
much lower band gaps than many other complex oxides,
such as room temperature ferroelectric perovskites (BaTiO;
or PbTiO; for example) where the charge gaps are typically
over 3 eV.** Extension to other members of the spinel ferrite
family will be a subject of further investigation.

To summarize, we measured the optical response of epi-
taxial CoFe,O, thin films and compared our findings with
complementary first-principles calculations. This spinel ox-
ide is a minority channel indirect band gap material. We
extract a 1.2eV indirect gap and a higher energy direct gap
at 2.7eV. The latter is robust on approach to the 795 K Curie
temperature, a consequence of weak charge-spin coupling. A
comparison with similar work on the Ni analog reveals that
the band gaps are significantly lower in CoFe,Oy,, a trend
that we attribute primarily to ionic size effects. This opens
up the possibility of band gap tuning via chemical substitu-
tion and strain in the spinel ferrites, along with wider appli-
cations that many high T oxides enjoy.

Research at Tennessee was supported by the U.S.
Department of Energy, Office of Basic Energy Sciences,
Division of Materials Sciences and Engineering under
Award No. DE-FG02-01ER45885. Work at the University of
Alabama was supported by a NSF-NRI supplement as part of
NSF MRSEC (Grant No. DMR-0213985 (WHB, AG)).

'J. C. Slonczewski, Phys. Rev. B 82, 054403 (2010).

’G.E.W. Bauer, E. Saitoh, and B. J. van Wees, Nature Mater. 11, 391 (2012).
*D. C. Worledge and T. H. Geballe, J. Appl. Phys. 88, 5277 (2000).

4. s. Moodera, G.-X. Miao, and T. S. Santos, Phys. Today 63(4), 46
(2010).

ST. R. Paudel, A. Zakutayev, S. Lany, M. d’Avezac, and A. Zunger, Adv.
Funct. Mater. 21, 4493-4501 (2011).

Appl. Phys. Lett. 103, 082406 (2013)

M. N. Iliev, D. Mazumdar, J. X. Ma, A. Gupta, F. Rigato, and J.
Fontcuberta, Phys. Rev. B 83, 014108 (2011).

D. Fritsch and C. Ederer, Phys. Rev. B 82, 104117 (2010).

8D. Fritsch and C. Ederer, Appl. Phys. Lett. 99, 081916 (2011).

°Z. Szotek, W. M. Temmerman, D. Kodderitzsch, A. Svane, L. Petit, and
H. Winter, Phys. Rev. B 74, 174431 (2006).

10y, Luders, A. Barthelemy, M. Bibes, K. Bouzehouane, S. Fusil, E.
Jacquet, J.-P. Contour, J.-F. Bobo, J. Fontcuberta, and A. Fert, Adv. Mater.
18, 1733 (2006).

TA. V. Ramos, M.-J. Guittet, J.-B. Moussy, R. Mattana, C. Deranlot, F.
Petroff, and C. Gatel, Appl. Phys. Lett. 91, 122107 (2007).

12A. V. Ramos, T. S. Santos, G. X. Miao, M.-J. Guittet, J.-B. Moussy, and J.
S. Moodera, Phys. Rev. B 78, 180402R (2008).

F. Rigato, S. Piano, M. Foerster, F. Giubileo, A. M. Cucolo, and J.
Fontcuberta, Phys. Rev. B 81, 174415 (2010).

4B, B. Nelson-Cheeseman, F. J. Wong, R. V. Chopdekar, E. Arenholz, and
Y. Suzuki, Phys. Rev. B 81, 214421 (2010).

1SN, M. Caffrey, D. Fritsch, T. Archer, S. Sanvito, and C. Ederer, Phys. Rev.
B 87, 024419 (2013).

16Q.-C. Sun, H. Sims, D. Mazumdar, J. X. Ma, B. S. Holinsworth, K. R.
O’Neal, G. Kim, W. H. Butler, A. Gupta, and J. L. Musfeldt, Phys. Rev. B
86, 205106 (2012).

"In the context of this work the band gap hierarchy refers to the presence of
multiple charge gaps in the optical absorption spectrum.

8D, Fritsch and C. Ederer, Phys. Rev. B 86, 014406 (2012).

R. D. Waldron, Phys. Rev. 99, 1727 (1955).

2R, C. Rai, S. Wilser, M. Guminiak, B. Cai, and M. L. Nakarmi, Appl.
Phys. A: Mater. Sci. Process. 106, 207 (2012).

2IA. V. Ravindra, P. Padhan, and W. Prellier, Appl. Phys. Lett. 101, 161902
(2012).

25 X. Ma, D. Mazumdar, G. Kim, H. Sato, N. Z. Bao, and A. Gupta,
J. Appl. Phys. 108, 063917 (2010).

2R. E. Glover and M. Tinkham, Phys. Rev. 108, 243 (1957).

2*F. Wooten, Optical Properties of Solids (Academic Press, New York,
1972).

257, 1. Pankove, Optical Processes in Semiconductors (Dover, New York,
1971).

26G. Kresse and J. Furthmiiller, Comput. Mater. Sci. 6, 15 (1996).

?7G. Kresse and D. Joubert, Phys. Rev. B 59, 1758 (1999).

28V, N. Antonov, B. N. Harmon, and A. N. Yaresko, Phys. Rev. B 67,
024417 (2003).

29p. E. Blochl, Phys. Rev. B 50, 17953 (1994).

39K. H. Kim, K. C. Park, and D. Y. Ma, J. Appl. Phys. 81, 7764 (1997).

31X, s. Xu, J. F. Thlefeld, J. H. Lee, O. K. Ezekoye, E. Vlahos, R. Ramesh,
V. Gopalan, X. Q. Pan, D. G. Schlom, and J. L. Musfeldt, Appl. Phys.
Lett. 96, 192901 (2010).

2Q.-C. Sun, C. S. Birkel, J. Cao, W. Tremel, and J. L. Musfeldt, ACS Nano
6, 4876 (2012).

33S. R. Basu, L. W. Martin, Y. H. Chu, M. Gajek, R. Ramesh, R. C.
Rai, X. Xu, and J. L. Musfeldt, Appl. Phys. Lett. 92, 091905
(2008).

**M. O. Ramirez, A. Kumar, S. A. Denev, Y. H. Chu, J. Seidel, L. W.
Martin, S.-Y. Yang, R. C. Rai, X. S. Xue, J. F. Ihlefeld, N. J. Podraza, E.
Saiz, S. Lee, J. Klug, S. W. Cheong, M. J. Bedzyk, O. Auciello, D. G.
Schlom, J. Orenstein, R. Ramesh, J. L. Musfeldt, A. P. Litvinchuk, and V.
Gopalan, Appl. Phys. Lett. 94, 161905 (2009).

3By contrast, CoFe,0, displays strong spin-lattice interactions.*>

3See supplementary material at http://dx.doi.org/10.1063/1.4818315 for
additional electronic structure data.

3"The LSDA-+U and GGA+U methods underestimate the higher gaps con-
siderably compared to our experimental data. Underestimation of gap val-
ues is a well-known shortcoming of the method which can be improved, in
principle, by using computationally expensive techniques (such as hybrid
functionals and/or the many-body GW method). An alternate possibility is
the presence of optically forbidden transitions between valence and con-
duction bands.

3D, Carta, M. F. Casula, A. Falqui, D. Loche, G. Mountjoy, C. Sangregorio,
and A. Corrias, J. Phys. Chem. C 113, 8606 (2009).

*T. J. Inoue, J. Electrochem. Soc. Jpn. 23, 24 (1955).

40R. J. Powell and W. E. Spicer, Phys. Rev. B 2, 2182 (1970).

4IR. Zimmermann, P. Steiner, R. Claessen, F. Reinert, S. Hufner, P. Blaha,
and P. Dufek, J. Phys.: Condens. Matter 11, 1657 (1999).

“R. D. Shannon, Acta Crystallogr. Sect. A 32, 751 (1976).

‘M. S. Hybertsen and S. G. Louie, Phys. Rev. Lett. 55, 1418 (1985).

S, H. Wemple, Phys. Rev. B 2, 2679 (1970).


http://dx.doi.org/10.1103/PhysRevB.82.054403
http://dx.doi.org/10.1038/nmat3301
http://dx.doi.org/10.1063/1.1315619
http://dx.doi.org/10.1063/1.3397043
http://dx.doi.org/10.1002/adfm.201101469
http://dx.doi.org/10.1002/adfm.201101469
http://dx.doi.org/10.1103/PhysRevB.83.014108
http://dx.doi.org/10.1103/PhysRevB.82.104117
http://dx.doi.org/10.1063/1.3631676
http://dx.doi.org/10.1103/PhysRevB.74.174431
http://dx.doi.org/10.1002/adma.200500972
http://dx.doi.org/10.1063/1.2787880
http://dx.doi.org/10.1103/PhysRevB.78.180402
http://dx.doi.org/10.1103/PhysRevB.81.174415
http://dx.doi.org/10.1103/PhysRevB.81.214421
http://dx.doi.org/10.1103/PhysRevB.87.024419
http://dx.doi.org/10.1103/PhysRevB.87.024419
http://dx.doi.org/10.1103/PhysRevB.86.205106
http://dx.doi.org/10.1103/PhysRevB.86.014406
http://dx.doi.org/10.1103/PhysRev.99.1727
http://dx.doi.org/10.1007/s00339-011-6549-z
http://dx.doi.org/10.1007/s00339-011-6549-z
http://dx.doi.org/10.1063/1.4759001
http://dx.doi.org/10.1063/1.3488638
http://dx.doi.org/10.1103/PhysRev.108.243
http://dx.doi.org/10.1016/0927-0256(96)00008-0
http://dx.doi.org/10.1103/PhysRevB.59.1758
http://dx.doi.org/10.1103/PhysRevB.67.024417
http://dx.doi.org/10.1103/PhysRevB.50.17953
http://dx.doi.org/10.1063/1.365556
http://dx.doi.org/10.1063/1.3427499
http://dx.doi.org/10.1063/1.3427499
http://dx.doi.org/10.1021/nn301276q
http://dx.doi.org/10.1063/1.2887908
http://dx.doi.org/10.1063/1.3118576
http://dx.doi.org/10.1063/1.4818315
http://dx.doi.org/10.1021/jp901077c
http://dx.doi.org/10.1103/PhysRevB.2.2182
http://dx.doi.org/10.1088/0953-8984/11/7/002
http://dx.doi.org/10.1107/S0567739476001551
http://dx.doi.org/10.1103/PhysRevLett.55.1418
http://dx.doi.org/10.1103/PhysRevB.2.2679

