Chapter 16 M)
Fall of Casimir Energies in reck
Non-commutative Space-Time

E. Harikumar, K. V. Shajesh, and Suman Kumar Panja

Abstract We examine how Casimir energies gravitate in x-deformed space-time.
We set up the Casimir plates in a gravitational field using x-deformed Rindler coor-
dinates and compute the total force acting on the Casimir apparatus in a weak grav-
itational field. We show that the equivalence principle is satisfied for this setup in
k-deformed space-time.

16.1 Introduction

Constructing a consistent quantum theory of gravity is an active area of research
in physics. Various approaches have been taken to construct a consistent theory of
quantum gravity. All these approaches exhibit a fundamental length scale. Non-
commutative geometry [1] is an approach that incorporates this fundamental length
scale naturally [2].

An extensively investigated non-commutative space-time is the x-deformed
space-time [3], whose coordinates satisfy

N A A0 A7 s i _l
[x,x/]=0, [x°,x'] =iax', a=—, (16.1.1)
K

where a is the deformation parameter with the dimension of length. The underlying
space-time of the deformed special relativity is also the x-space-time [4].

One well-studied physical phenomenon where length scale plays an important role
is the Casimir effect [5]. Casimir effect and its implications have been studied in var-
ious contexts in commutative and non-commutative space-times. In [6], it is shown

E. Harikumar - S. K. Panja (&)
School of Physics, University of Hyderabad, Gachibowli, Hyderabad, India
e-mail: sumanpanjal9 @gmail.com; 19phph17@uohyd.ac.in

K. V. Shajesh
School of Physics and Applied Physics, Southern Illinois University-Carbondale, Carbondale, IL,
USA

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 107
A. Giri and R. Mohanta (eds.), Proceedings of the 17th International Conference

on Interconnections Between Particle Physics and Cosmology, Springer Proceedings

in Physics 322, https://doi.org/10.1007/978-981-96-4986-0_16



108 E. Harikumar et al.

that the Casimir energy reacts to the force in accordance with the equivalence prin-
ciple. Here, we investigate how this result fares in the x-deformed non-commutative
space-time [7].

16.2 k-Deformed Space-Time and Deformation of Metric

The x-deformed space-time is a Lie-algebraic non-commutative space-time whose

coordinates satisfy Eq.(16.1.1). These coordinates are realized in terms of x; and
=0 8

pi =iz as[8]

Xo = xoY(A) +iax;0;v(A), X = x;0(A), (16.2.1)

where A =iady = ap®. 1, vy and ¢ are functions of A satisfying conditions 1/(0) =
1, o(0) =1, Z: ;’EA; ~v(A) — 1. Two possible realisations of 1/(A) are 1)(A) = 1
and ¥ (A) = 1 4+ 2A [8]. Here onwards, we choose /(A) = 1. In this study we use
the p = e~ 3 realization.
In this study, we examine the fall of the Casimir apparatus in a uniform grav-
itational field in k-space-time. Thus, we consider Rindler space-time [9] as the
background, where x = (7, x, y, &) represents the coordinates. The proper acceler-

ation of the particle in Rindler space-time is given by é Background metric of the

Rindler space-time is gflo) = diag(—£?, +1, +1, +1). Thus employing the formalism

of calculating modified metric (see [10]), we find the x-deformed Rindler metric as [7]

Gu = gl + g0 (@), (16.2.2)
where ¢ =dim(=¢*,1,1, 1), g(l) —%, g\ _gélz) = g\y = —ap® and all

other components are zero. Here, p°, p', p> and p? are energy and momentum
scales associated to the probe.

16.3 Deformed Equation of Motion
and Energy-Momentum Tensor

We commence with the Lagrangian for scalar theory valid up to the first order in
deformation parameter a in the x-deformed Rindler space-time as (see [7])

0
2 2 2 2 2 2
252(6 06) ——((a 9 + (99) +(35¢)) L (@60 + 0,0 + @0)?)

ao¢ax¢+ ao¢a\¢+ 80cf>85g/> —V(x)¢2, (16.3.1)
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where V(x) = A\6(§ — &1) + A\0(€ — &) and the last term represents the interaction
of the plates with the field ¢. Here \; and ), are coupling constants with dimension
of length~!. We find the corresponding action in x-deformed Rindler space-time as

S-Rindler = /d4xv —gL, (16.3.2)

where § = det g, = —&*(1 — 3ap?). The equation of motion following from the
above action is

1
{52 2 Eag(gaf) V2 4 V(x) — apo(gag(gag) + vﬁ)

+ z—gz(plafax + p*0:0, + p3afag) }<z> =0, (163.3)

where Vi = 97 + 0;. The symmetrized energy-momentum tensor ensuing from the
above action is

;w = /L¢8V¢ + = (g/u/(a) + guu(a))»c- (16.3.4)

16.4 Deformed Green’s Function

In this Section, we solve the equation of motion given in Eq.(16.3.3) and find the
Green’s function in different regions of interest. Thus, using Eq. (16.3.3) we find that
the corresponding Green’s function obey

- { a0 — 02+ gag(gag) +V3 v - p' o0 + p*o,0y + p3aTa§)

262 (

~ T — 16— &6 —x/
+ap0(58§<585>+Vi)}c(x,x’,a)=<1+§ap°> SARRL ;) Gro),

(16.4.1)
Substituting G (x, x', @) = [ Lk gmiwr—) piki-c. X G ¢ a)inEq. (16.4.1),

00 83
we find the reduced Green’s function as

1 - _ (2 _
3 a)y =+ ap°5)§<°><f, &)+ apo[ / de €50 (e, 5){2—2 +A8E—¢€D)

1 ~(0) (g ¢
+ W0 — &) - (52< whe) + §2<wk>>+ 52( zw)a)}g“(s,m].
(16.4.2)
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Here we have, for {¢, '} < & < &,
3 MEKE 4+ 6K — MM&HK K (Kol — Kllz)”

A !
(16.4.3)

g(O)(g, gl) = 1<K>

For¢& < ¢ ¢} <&,

B MEKS(1 +)\1§1K111)U B NI+ >\2§2K212)K

~(0) &) =1_K. K,
g7 &) A A
]2[(2
LANGOIKY (k) (16.4.4)
and for {£, &'} > & > &,
0. = K. METE+ MG TE + Al)\gflﬁzlllz(]z[(l — 1K) KK,
(16.4.5)

Here A = (1 4+ M&EKIL)(1+ &K D) — MAa&&IPK? and we have used
Ii = IC(klgi)a K,' = KC(kigi); Where I = 1, 2, I = I<(kL€), I/ = I((kLg/), K =
Ki(k1€) and K, = K¢ (k1 &'). Note here that the range of the integration in the third
term inside the square bracket in the Eq.(16.4.2) is either £ — & for £ > £ or

& — Eforé > ¢

16.5 Force Acting on the Casimir Apparatus

We start with the general expression of the force density in curved space-time,
fY ==V, T* [11] and using the expression of x-deformed Rindler metric given

in Bq. (16.2.2) we find force density as fi = —(1 + ap0)<%f§5 + ag(fgf)) ~ &Too.
Then using energy-momentum (see Eq.(16.3.4)), we find the total change in the
momentum of the Casimir apparatus in { directionas APy = [ drdxdyd&\/—g (fe).

Thus using {(p(x")p(x)) = %é(x, x', a) and Egs. (16.4.2)—(16.4.5), we find the total
AP

&)fdnflxdy .

Taking the Minkowski-space limit, i.e., £ — 00, (see [6]), we find the total force

acting on parallel plates as

force, valid up to the first order in deformation parameter a to be Fy =

F, a 0y ! /oodyyz ! +/oodYY2 !
= - —da —_— —_— —_—
¢ P 96n2L3¢ | Jy (1 + /\LL) 0 (1 + ALL>
1 2

o0 U+ yont + venT Eqi + Exy + E
_/ dyyd L TENL T ViRt ]:_(d‘+§"2+ 9 (165.1)
0 (1+A]—L)(1+A2—L)eY—1 0
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For each plate, we get Emtd] = Edl +m; + Edz +my + E = M1 + M2 + EC,
where M, and M, are interpretted as the renormalized masses for the plates and
m; and m, are the bare mass of the plates. Thus, from Eq.(16.5.1) we find the
gravitational force on the Casimir apparatus as

~ - ~ 1 ~ ~ -
Fe = —(M, + M, + Ec)é— = —(M, + M, + E,)g. (16.5.2)
0

Note that the negative sign in the above equation indicates the downward accelera-
tion of gravity, and we have set E = g. This shows that the Casimir energy fall in
accordance with the equivalence principle in x-deformed space-time.

16.6 Conclusions

In this study, we investigated the influence of the non-commutativity of space-time
on the fall of Casimir energy in the x-deformed space-time. Our study shows that the
k-deformed Casimir energy is accelerated downward in the weak gravitational field.
This implies that Casimir energy in x-deformed space-time respects the equivalence
principle.
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