Homework No. 05 (Fall 2013)

PHYS 530B: Quantum Mechanics 11
Due date: Friday, 2013 Oct 18, 4.30pm

1. Show that the null-vector

1

a= 5(@/3 —yr, —iy® —iy?, 2y_y,) (1)

can be expressed in terms of Pauli matrices in matrix form:

1
a= yTUyZGy, (2)

where y” = (y;,y-).

2. The generating function for the spherical harmonics, Y,,(0, ¢), is

l
%(a;)l =2 \ 214:1}/“”(9’@ Vi ®)
: m=-—I

where the left hand side is expressed in terms of

r = r(sin 6 cos ¢, sin 0 sin @, cos ), (4)
1 : .
a= (vl =yl —iy2 =iy, 2y yy), (5)

and the right hand side consists of

l+m l—m

_ Y+ Y-
i = VI m) /(T =m)! ©
and
~ime 2L+ 1 [I+m)! 1 d \'"™ (cos?f — 1)
Yin(0,9) = e 47 (I —m)! (sin@)™ \ dcosb 24! ' (7)
Show that .

(a3) ®)

yp <y, 0——0, ¢— —0o. (9)

is unchanged by the substitution

Thus, show that
Yim (0, ¢) = Yi—m (=0, —9). (10)



3. Write down the explicit forms of the spherical harmonics Y;,,(0,¢) for [ = 0,1,2, by
completing the | — m differentiations in Eq. (7). Use the result in Eq. (10) to reduce the
work by about half.

4. Legendre polynomials of order [ is given by (for |t| < 1)

L2 1\l
Pt) = (%) % (11)

(a) Write down the explicit forms of the Legendre polynomials P(t) for [ =0, 1,2, 3, by
completing the [ differentiations in Eq. (11).

(b) Show that the spherical harmonics for m = 0 involves the Legendre polynomials,

20 +1
47

Yio(0, ) = P(cosb). (12)

(c) Using the orthonormality condition for the spherical harmonics

/ ALY, (6, 6) Yo (8, 8) = GGt (13)

recognize the orthogonality statement for Legendre polynomials,

f PR = 5 (14
Use 5 ]
Ro(t) =1, Pt)=t, Bt)=5t" -3, (15)
to check this explicitly for [,I'’ = 0,1, 2.
5. An example of a null-vector is
a=(—icosa,—isinaq,1). (16)
Identify the corresponding y+ in Eq. (1) to show that, now, ¢, in Eq. (3) is
b= a7)

VIFm) (I —m)!

Then, integrate Eq. (3) to derive an integral representation for spherical harmonics,

ECR A
V21T m)—m)l

(18)

2m
% /0 ;l—: e"™[cos § — isin @ cos(¢ — a)]'

By setting m = 0 derive the corresponding integral representation for Legendre polyno-
mial Pj(cosf).



