
Homework No. 01 (Spring 2014)

PHYS 420: Electricity and Magnetism II

Due date: Monday, 2014 Jan 27, 4.30pm

1. Using the series representation for Bessel functions,

Jm(t) =
∞
∑

n=0

(−1)n

n!(m+ n)!

(

t

2

)m+2n

, (1)

prove the relation
Jm(t) = (−1)mJ−m(t). (2)

Hint: Break the sum on n into two parts. Note that the gamma function Γ(z), which
generalizes the factorial,

n! = Γ(n+ 1), Γ(z + 1) = zΓ(z), (3)

beyond positive integers, satisfies

1

Γ(−k)
= 0 for k = 0, 1, 2, . . . . (4)

2. Use the integral representation of Jm(t),

imJm(t) =

∫ 2π

0

dα

2π
eit cosα−imα, (5)

to prove the recurrence relations

2
d

dt
Jm(t) = Jm−1(t)− Jm+1(t), (6a)

2
m

t
Jm(t) = Jm−1(t) + Jm+1(t). (6b)

3. Using the recurrence relations of Eq. (6), show that

(

−
d

dt
+

m− 1

t

)(

d

dt
+

m

t

)

Jm(t) =

(

d

dt
+

m+ 1

t

)(

−
d

dt
+

m

t

)

Jm(t) = Jm(t) (7)

and from this derive the differential equation satisfied by Jm(t).
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4. The modified Bessel functions, Im(t) and Km(t), satisfy the differential equation

[

−
1

t

d

dt
t
d

dt
+

m2

t2
+ 1

]{

Im(t)
Km(t)

}

= 0. (8)

Derive the identity, for the Wronskian, (upto a constant C)

Im(t)K
′

m(t)−Km(t)I
′

m(t) = −
C

t
, (9)

where

I ′m(t) ≡
d

dt
Im(t) and K ′

m(t) ≡
d

dt
Km(t). (10)

Further, determine the value of the constant C on the right hand side of Eq. (9) using
the asymptotic forms for the modified Bessel functions:

Im(t)
t≫1
−−→

1
√
2π

et
√
t
, (11)

Km(t)
t≫1
−−→

√

π

2

e−t

√
t
. (12)

5. Show that the integral representation for modified Bessel functions,

Km(t) =

∫

∞

0

dθ coshmθ e−t cosh θ, (13)

satisfies the differential equation for modified Bessel functions,

[

−
1

t

d

dt
t
d

dt
+

m2

t2
+ 1

]

Km(t) = 0. (14)

6. Verify by substitution that

gm(ρ, ρ
′; k) = Im(kρ<)Km(kρ>) (15)

satisfies the differential equation

[

−
1

ρ

∂

∂ρ
ρ
∂

∂ρ
+

m2

ρ2
+ k2

]

gm(ρ, ρ
′; k) =

δ(ρ− ρ′)

ρ
. (16)

Hint: Rewrite gm(ρ, ρ
′; k) in terms of sign function θ(x) and use the identity dθ(x)/dx =

δ(x).
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