Homework No. 11 (Spring 2018)

PHYS 530A: Quantum Mechanics 11
Due date: Tuesday, 2018 May 8, 5.00pm

1. (100 points.) The angular momentum can be decomposed as
J=S+1L, (1)

where S is the spin or internal angular momentum, and L = r X p is the orbital or
external angular momentum. For the case S = 0 the eigenvalues of angular momentum

are necessarily integer valued, because r - L = 0. Let us denote the eigenvalues by the
labeling scheme L/* = h2[(l + 1) and L. = hm, such that

L2|1,m) = R3(L + 1)[L,m), (2a)
L.|l,m) = hml|l,m), (2b)
where
1=0,1,2,..., (3a)
m=—l,—l+1,...,1L (3b)

The eigenvectors of orbital angular momentum are suitably realized by functions on the
surface of a unit sphere, coordinated by spherical polar coordinates 6’ and ¢’ or the unit
vector /. These wavefunctions defined using the projections

(¥l m) = Vi (0, &) (4)
are the spherical harmonics.

(a) Show that in the position basis, here restricted to the surface of a unit sphere, we
have

(ML) = (F'[r x p[) = ?(r' x V(] ). ()

Using Eq. (5) in Egs. (2) show that the differential equations for spherical harmonics
are given by

—(r'x V') - (r' x V)Y (0, ¢) = 11+ 1)V (6, &), (6a)
L (¥ X V)Yl &) = mYim (0, &), (6b)

]



(b) Show that the raising and lowering operators defined using
Li=L,+iL,, (7)

leading to raising and lowering operations

Li|l,m) =h/IFm)I£m+1)|l,m=E1), (8)

correspond to the differential equations

X0 ) iy (0% V) Y0, ) = VTF m)TEm o+ DY (0, 6). (9)

i
(c) Using the differential operator in spherical polar coordinates,

o 19 ., 1 0

VAN il v 1
v or' * r' 0’ T r'sin@ 0¢'’ (10)
where
' =X'sin® cos¢’ +y'sinf sin ¢’ + 2’ cos ¥, (11a)
0" = %' cos® cosd + 3 cos® sing — 2’ sin b, (11Db)
¢ = —X'sing’ + 3y cosd, (11c)
show that
~, 0 10
/ ! /_ _ / _
rx V= a0’ o sin ¢/ 0¢’ (122)
= x| —sin¢’ % —cos ¢’ cote/&b/] +§f’{cos¢ % —sin¢’ cot@’ﬁi/] Z (12b)
Thus, show the correspondence
., h., N hO
LZ' Z ;(I‘ XV) = ;a—qﬁ” (13&)
., h , n 0 ,
L, : ;(r x V') = - [ sin ¢’ 50 cos ¢’ cot 0 ¢/], (13b)
., h , n 0 , 0
L,: ;(r x V') = {cos¢% sin ¢’ COte@gb’} (13c)

Further, verify the correspondence

h h [ 1 9 0 1 0
2 . e AN / . r 2 s
L i(r x V') i(r x V)= 2 Lm@’ 20 " o7 T st er 8@6’2]’
(14a)
L? i N 4b
o - 12[ (I‘ XV)} —ﬁw, (1 )
. h Al / / A / o h +ig i N / 0

Ly : i[x (' x V) +iy' - (r xV)] e {ilﬁﬁ’ Cot98¢/}, (14c¢)
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(d) Thus, show that the eigenfunctions of angular momentum in the position basis, the
spherical harmonics, satisfy the differential equations given by

. 19 / It
L,: : lem(e @) =mY, (6, ¢, (15a)
2. 1 i : /8 1 82 o ro
b Linﬁ’ 00’ St g o0’ * sin? 0 0> Ym0, @) = U+ ¥in (8, 61, (15b)
1 i 0 ’ 0 AN
Ly ; i‘z’{:l:zw—cotﬁ&b/])ﬁm(e/ &) =VIFm) I £m+ 1) (0, 8).

(15c¢)

Further, verify

' 19 .0 1 ¢ 10 '
L+L_, |i81n9/%81n6w+81n29/a¢/2_a¢,2_;8—¢/:|nm(97¢>
= [+ 1) = m(m — 1)]Yiu(0, ¢),
(16a)
1 9 . ,0 1 5 ? 10 iy
LLy: - Lin@’%sm a0’ + sin? 0’ 9> - ¢ * ;8—¢/} Yinl8 )
= [I(l+ 1) —m(m + 1)]Yin(0', ¢,
(16b)
1 0 0
2 2. _ —_ 29 "
L2+ Ly : [sin@’ 09’ nd 50 + cot (blg} Yim (0, ¢)

= [l(l+1) = m*| Vi (¢',¢').  (16c)



