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1. (20 points.) In terms of spherical coordinates (r, θ, φ) it is given that

∂

∂φ
φ̂ = a r̂+ b θ̂ + c φ̂. (1)

Find the expression for the components a, b, and c, such that the above equation is an
identity.

2. (20 points.) In terms of cylindrical coordinates (ρ, φ, z) we can write

∇ = ∇ρ + ẑ
∂

∂z
, (2)

∇ρ = ρ̂
∂

∂ρ
+ φ̂

1

ρ

∂

∂φ
. (3)

Verify the following identities:

∇ρ ·

(

ρ̂

ρ

)

= 2πδ(2)(ρ), ∇ρ ×

(

ρ̂

ρ

)

= 0, (4a)

∇ρ ·

(

φ̂

ρ

)

= 0, ∇ρ ×

(

φ̂

ρ

)

= ẑ 2πδ(2)(ρ). (4b)

Hint: Evaluate the quantities for ρ 6= 0. Then, use the divergence theorem or the
Stoke’s theorem for arbitrary volumes and surfaces in conjunction with the definition
of δ-function.

3. (20 points.) In terms of cylindrical coordinates (ρ, φ, z) we can write

∇ = ρ̂
∂

∂ρ
+ φ̂

1

ρ

∂

∂φ
+ ẑ

∂

∂z
. (5)

Given

B = ẑ2 ln
2L

ρ
, (6)

where L is a constant. Evaluate (without switching coordinate systems)

∇ ·B for ρ 6= 0 (7)

and
∇×B for ρ 6= 0. (8)
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4. (20 points.) In terms of cylindrical coordinates (ρ, φ, z) we can write

∇ = ρ̂
∂

∂ρ
+ φ̂

1

ρ

∂

∂φ
+ ẑ

∂

∂z
. (9)

Derive the expression for the Laplacian in cylindrical coordinates.

5. (20 points.) In terms of unit vectors

r̂ = sin θ cosφ î+ sin θ sinφ ĵ+ cos θ k̂, (10a)

θ̂ = cos θ cosφ î+ cos θ sinφ ĵ− sin θ k̂, (10b)

φ̂ = − sinφ î+ cosφ ĵ, (10c)

the basis vectors for spherical polar coordinates are

er = r̂ er = r̂, (11a)

eθ = rθ̂ eθ =
1

r
θ̂, (11b)

eφ = r sin θφ̂ eφ =
1

r sin θ
φ̂. (11c)

Given the expression for the Christoffel symbols

Γk
ij =

(

∂

∂uj
ei

)

· ek (12)

for the spherical coordinate system, evaluate

Γφ
θφ. (13)
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