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1. (10 points.) Using commutation relations between position r and momentum p, verify
the relation
r-p— p-r=cih, (1)
where ¢ is a number. Determine c.

2. (10 points.) Show that if f(z) is an analytic function then the derivative df /dz satisfies
the Cauchy-Riemann equations.

3. (10 points.) Consider an operator U that is defined using the following operations,

Ulan) = |as), (20)
Ulaz) = las), (2b)
Ulas) = |as) (2¢)
Ulas) = |ay) (2d)
Find the eigenvalues of the operator U.
4. (70 points.) The angular momentum can be decomposed as
J=S+1L, (3)

where S is the spin or internal angular momentum, and L = r x p is the orbital or
external angular momentum. For the case S = 0 the eigenvalues of angular momentum
are necessarily integer valued, because r - L = 0. Let us denote the eigenvalues by the
labeling scheme L/* = h2I(l + 1) and L. = hm, such that

L2, m) = R*(1 4+ 1)|I,m), (4a)
L.|l,m) = hml|l,m), (4b)
where
1=0,1,2,..., (5a)
m=—1,—1+1,...,1. (5b)

The eigenvectors of orbital angular momentum are suitably realized by functions on the
surface of a unit sphere, coordinated by spherical polar coordinates 6’ and ¢’ or the unit
vector /. These wavefunctions defined using the projections

(Pl m) = Vi (0, &) (6)

are the spherical harmonics.



(a)

Show that in the position basis, here restricted to the surface of a unit sphere, we
have

(L) = (f'|[r x p[ ) = %(r' x V(] ). (7)

Using Eq. (7) in Egs. (4) show that the differential equations for spherical harmonics
are given by

—(X' x V) - (¢ x V)Y (0, ¢) = 1L+ 1) Y0 (0, &), (8a)
1
7 - (' x V)Y, (0, ¢") = mY,.(0',¢). (8b)
i
Show that the raising and lowering operators defined using
L,=1L,=+iL, (9)
leading to raising and lowering operations

Le|l,m) =h/(IFm)(I£m+1)|l,m=£1), (10)

correspond to the differential equations

X0 ) V) iy (% V) |V (0,6) = VTF )T Em+ DY (9, 6). (1)

1
Using the differential operator in spherical polar coordinates,

9 10 ., 1 9

/_ /\/_ -
V=gt T e ag (12)
where
' = x'sinf cos ¢’ +y'sin@ sin ¢’ + 2’ cos ¢, (13a)
0' = %' cos® cosd + 3 cos® sin@ — 2’ sin 6, (13b)
¢ = —X'sing’ + 3 cosd, (13c¢)
show that
0 A1 0
/ ! /I / .
EXV= oo’ esin9’0¢’
=%X'| —sin¢’ % —cos ¢’ cot9’8¢/] +§f’{cos¢ % —sin¢’ cote/gi/] i
Thus, show the correspondence
., h. , , h 0
Lz: VA ;(I' XV) = ;a—d, (15&)
, h N R 0 , 0
L, : x-;(r XV)—;[ Sm¢89’ cos ¢’ CotHagb/}, (15Db)
h , n 0 , 0
L,: y- ;(r x V') = [cosgb%—smqﬁ cot@a(b/} (15¢)

(14a)

(14b)



Further, verify the correspondence

B B 19 o . 1 P
L*: —(r' )= N==Z\7 , 9’2
Z,(r x V') Z,(r x V) i2 [siné” 20> 0 5 0o’ sm2 o' 8(1)’2]’
(16a)
L2 n* NI o b
P 22[ (rf XV)} YR (1ov)
) E n/ / / c ) / A h et i — !
L. : Z‘[X (r' x V') £iy' - (r XV)] : :I:zae, cot ' — ¢/ , (16¢)

(d) Thus, show that the eigenfunctions of angular momentum in the position basis, the
spherical harmonics, satisfy the differential equations given by

10 /
b + 5 Yin(020) = mYin (0,9, (172)
>, |1 0 .0 1 0 , o
L [sin@’&&’ 90 " sin20 057 Yin (0, ¢') = U1 + 1)Yin (¢, &), (17b)

Lil

1

Further, verify

: *”’[i i2 ot e’i]wc #) = VITF )T Em+ DYi i (0, 6).

(17¢)

' 1 0 , 0 1 > 10 o
Lyl [sm@’wsme o0’ * sin? 0 9¢>  9¢% ;a—ﬁbl} Vil 9)
= [l +1) = m(m = 1)]Yin (0, ¢),
(18a)
. 19 .0 1 0 2 10 'y
L_L+ _Linﬁ’wsm w + sin29’8¢>’2 — 8(]5’2 + —a—(ﬁ,}Yzm(e 7¢)
= [1(1+ 1) = m(m + 1)] Vi (0, &),
(18b)
2 2. _ 1 /i 2 O "
Lot Ly Liné”@é’/ "o e agn) im0
= [l +1) = m?]Yim(0,¢).  (18¢)



